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Abstract
In this paper, the mechanical behavior of multilayered small-scale beams
in nonisothermal environment is investigated. Scale phenomena are mod-
eled by means of the mathematically well-posed and experimentally con-
sistent stress-driven integral formulation of elasticity. The present research
extends the treatment in [1] confined to elastically homogeneous nano-scopic
structures. It is shown that the non-locality leads to a complex coupling
between axial and transverse elastic displacements. Such a size-dependent
phenomenon makes the solution of the relevant nonlocal thermoelastostatic
problem, governed by a system of two ordinary differential equations with
ten standard boundary conditions and non-classical constitutive boundary
conditions, significantly more involved with respect to treatments in litera-
ture. Thus, a novel solution methodology, based on Laplace transforms, is
proposed and illustrated by examining simple structural schemes of current
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applicative interest in Nanomechanics and Nanotechnology.
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1. Introduction, motivation and outline
Analysis, modelling and assessment of elastic responses of small-scale
structures has been a subject of great interest in the community of Engineer-
ing Science [2] due to the need to significantly design and optimize nanocom-
posites [3–7] and smaller and smaller technological devices [8–15]. So, to
describe the deformation of advanced materials and new-generation struc-
tural systems, one needs to modify existing elasticity continuum methodolo-
gies, and non-local mechanics seems to be a promising choice to adequately
capture technically important size effets [16–21] in comparison with compu-
tationally expensive atomistic strategies [22].
Like in the case of macroscopical structures, a combination of different
materials in a nano- or micro-structure can lead toward superior mechan-
ical behavior [23–25]. Composite beams can offer more possibilities than
homogeneous structures [26–31]. This has a price - more complex models
are needed to describe such problems which are even more harder to solve if
nonisothermal environmental conditions are involved [1, 32–34].
Composite beams are a potential candidate for a wide variety of nanoscopic
systems. In the present research, we set a focus on 1D continua made of sev-
eral layers of different materials - multilayered beams. The literature mostly
deals with a special class of such structures that are known as the sandwich
beams [35]. A sandwich beam can be described by a central core layer, mostly
thicker than two layers placed at the top and bottom surface. The thinner
layers are often referred to as skins and the thickness is usually selected so
the cross-section is symmetric.
Sandwich beams operate in many engineering applications. For instance,
piezoelectric effects can be involved, so these are also included in the for-
mulation [36–38]. A combination of sandwich and functionally graded (FG)
materials including thermal effects are also considered and stability issues in
the presence of dynamic effects are analyzed in [39, 40]. For the influence of
thermal phenomena in wave propagation analysis in FG sandwich beams, see
[41]. Nonlinear vibration in the case of sandwich beams that are graded with
carbon nanotubes is researched in [42]. Free vibration of curved sandwich-
FG beams, again with various patterns of carbon nanotube distribution are
examined in [43], piezoelectric and electrostatic actuation of laminated mi-
croarches in [44] and influence of a viscoelastic core in [45]. As a special
case, formulations developed for vibrations of curved sandwich beams can be
applied to straight beams by considering a very large curvature radius [46].
Apart from the gradient-based methods deriving from Eringen-type strate-
gies [47] used in the aforementioned formulations, other methodologies are
also resorted to. For instance, Joule heating in three-layered nanobeams was
analyzed by modified couple stress theory in [48]. Mesh-free methods can be
applied to nanocomposite sandwich plates under thermomechanical loads as
well, see [49] for an illustration in the case of two-dimensional structures.
It is known that different properties of each particular layer lead towards
the shift of neutral surface [50]. The effect exists in FG structures as well,
see [51] for beams and initial contributions [52–54] for plates. Simplifications
involving a symmetric structure of sandwich beam layers [37] conveniently
avoid complications related to the introduction of the neutral surface shift,
as it will be shown later. The same simplification benefits are obtained in FG
beams graded only along axial direction [55]. Another approach is to simply
disregard the shift in asymmetrical problems. For instance, see [56, 57] for
research regarding nonlinear dynamics including temperature effects, dynam-
ics influenced by imperfections in FG beams [31] and [58] for a comparison
of Bernoulli-Euler and Timoshenko beam vibrations in three-layered beams
of different thicknesses. Large differences in layers’ thicknesses are also ex-
ploited for further simplifications [59] since some terms in the formulation
can be disregraded as small.
The research at hand does not resort to such simplifications thus aiming at
a more general and accurate solution. Two main novel aspects are involved.
First of all, an existing isothermal model of non-local multilayered beams [60]
is extended toward the nonisothermal regime. In contrast to gradient-based
models described above, the present approach relies on the nonlocal stress-
driven integral formulation developed in [16, 17, 61] and extended to FG
nanobeams in [62, 63]. The formulation circumvents all known paradoxes
and difficulties of non-local mechanics. Secondly, the presence of coupling
between axial and transverse problems makes the solution of the underlying
differential equations system much more complex and difficult to solve. As
a non-standard approach to this issue in the absence of dynamical effects,
Laplace transforms are exploited.
The outline of the paper is as follows. In the first part, preliminary con-
siderations about geometric and material assumptions are given. Bernoulli-
Euler kinematics for the nonisothermal regime follows, after which the non-
local constitutive model is presented. Starting from the equilibrium con-
ditions, the strict variational methodology is applied to formulate the gov-
erning differential equations accompanied by suitable sets of classical and
constitutive boundary conditions. Solution procedures are described in the
subsequent section. Examples section demonstrates the model behavior and
provides a comprehensive analysis of the developed case-studies. Main find-
ings and implications are summarized in the concluding section.
2. Preliminaries
2.1. Geometry, materials and coordinate system
This research considers multilayered beams, that is beams consisting of n
layers. The model will accommodate beams in which each layer is made of a
different material and has a rectangular cross-section of different dimensions.
The beam has length L and it is assumed that no spatial changes take place
regarding cross-section and material along the beam axis. Height and width
of each layer will be denoted by hi and bi, i ∈ {1, 2, ..., n}, respectively. Only
cross-sections symmetric with respect to one axis will be considered. Each
layer is assumed to be composed of elastic material with Young’s modulus
Ei and coefficient of thermal expansion αi.
The coordinate system is defined in the following manner. The longitu-
dinal axis is denoted by x, so the cross-section is positioned in the y − z
plane. Bending is assumed to take place in the x − z plane. Consequently,
the coordinates of upper and lower surfaces of a layer i will be related to its
height as hi = zi − zi−1. The bottom of the first layer will be defined by the
coordinate z0.
2.2. Nonisothermal multilayered beam kinematics
One of the central problems in beams with stiffness varying along the
bending direction (z) is that the neutral surface does not necessarily in-
clude the cross-sectional centroid [51, 64, 65]. Therefore, the issue known
as the neutral surface shift appears in the present case as well. The shift
will be denoted by ζ0. Displacements along y and z directions are v(x) and
w(x). Due to the plane bending assumption, v(x) = 0. The remaining axial
displacement field of a beam depends both on longitudinal and transverse
coordinates. It is described by:
u(x, z) = u0(x) + ϕ(x)(z − ζ0) = 1
A
∫
Ω
u(x, z)dA+ ϕ(x)(z − ζ0), (1)
where the integral term represents the average axial displacement in the
cross-section x. For a multilayered beam, the average axial displacement
of a cross-section at x is u0(x) = 1A
∑n
i=1 bi
∫ zi
zi−1 u(x, z)dz. Note that the
term involving rotation ϕ(x)(z − ζ0) differs from the standard one used in
homogenous beams ϕ(x)z by the neutral shift ζ0.
Invoking the Bernoulli-Euler hypothesis relates the first derivative of the
transverse displacement w(x) to the angle of cross-sectional rotation ϕ(x) as:
w(1)(x) = −ϕ(x). (2)
This result can be used to express strains in a layer i, z ∈ [zi−1, zi] as
εi(x, z) = u(1)0 − w(2)(z − ζ0) = ε0 − w(2)(z − ζ0), γxz(x, z) = 0. (3)
Above, the apex (n) denotes n-th derivative with respect to the longitudinal
coordinate x.
The preceding formulation is generally valid in both isothermal and non-
isothermal settings. Since the focus of the present model is on non-homogenous
temperature fields ∆θ(x, z), thermal effects should be introduced. To this
end, additive decomposition of normal strain into mechanical part εi,M and
thermal part εi,T = αi∆θ is introduced [32]:
εi(x, z) = εi,T + εi,M. (4)
Now, equalizing Eqs. (3, 4):
αi∆θ + εi,M = ε0 − w(2)(z − ζ0), (5)
where the mechanical strain εi,M is obtained from a specific non-local consti-
tutive model.
2.3. Non-local constitutive behavior
The constitutive model for the mechanical strain εi,M is now provided. It
was recently shown [64] that the thermodynamic framework suitable for the
non-local beam behavior relies on the Gibbs potential. For a layer i, this
potential has the form:
ρigi(σi,∆θ) = −12σi
∫ L
0 φλ,i(x− ξ)E−1i σi(ξ, z)dξ − σiαi∆θ, (6)
where the kernel function φλ,i(x) is
φλ,i(x) =
1
2Lλ,i
exp
(
− |x|
Lλ,i
)
, (7)
σi = σi(x, z) is the normal stress and Lλ = λL is the characteristic length.
Obviously, the characteristic length is defined in bounded domains of length
L multiplied by the non-dimensional small-size parameter λ. An overview of
values of λ for carbon nanotubes is given in [22]. Constitutive behavior for
the normal strain is then obtained from:
εi = −∂σigi. (8)
Using Eq. (6), differentiation gives:
εi(x, z) =
∫ L
0
φλ,i(x− ξ)E−1i σi(ξ, z)dξ + αi∆θ. (9)
The first term on the right-hand side represents the mechanical part of the
normal strain εi,M, while the second one is thermal strain εi,T. This specific
one-dimensional non-local stress-driven integral model was introduced in [16,
17, 61] for homogeneous temperature fields context and extended to non-
homogenous temperature fields in [1].
Evaluation of the latter integral is not straightforward [1, 66]. The solu-
tion
σi = E
(
−L2λ,i(ε(2)i − (αi∆θ)(2)) + εi − αi∆θ
)
, (10)
has to accommodate the constraints at the beams’ ends:
Ei Lλ,i
(
ε
(1)
i − (αi∆θ)(1)
)
− Ei(εi − αi∆θ) = 0
∣∣∣
at (0,z)
,
Ei Lλ,i
(
ε
(1)
i − (αi∆θ)(1)
)
+ Ei(εi − αi∆θ) = 0
∣∣∣
at (L,z)
.
(11)
These constraints are known as the constitutive boundary conditions (CBC)
and are typically overlooked in gradient based formulations. However, as
shown in [16, 17, 61], inclusion of CBC effectively solves well-known para-
doxes observed in literature [67, 68].
3. Equilibrium and constitutive boundary conditions
With the foundations of the problem provided in the previous section,
the link between displacements and stress resultants can be set-up. The
formulation relies on linking displacements u0(x) and w(x) to stress resultants
N(x) and M(x), i.e. the axial force and the bending moment, respectively.
With Eqs. (10, 11) being the starting point, the normal strain in replaced
with displacements by enforcing Bernoulli-Euler kinematics, Eq. (3):
σ
Ei
= −L2λ,i(u(3)0 − w(4)(z − ζ0)− αi∆θ) + u(1)0 − w(2)(z − ζ0)− αi∆θ (12)
and constraints:
EiLλ,i
(
u
(2)
0 − w(3)(z − ζ0)− αi∆θ
)
− Ei(u(1)0 − w(2)(z − ζ0)− αi∆θ) = 0|x=0 ,
EiLλ,i
(
u
(2)
0 − w(3)(z − ζ0)− αi∆θ
)
+ Ei(u(1)0 − w(2)(z − ζ0)− αi∆θ) = 0|x=L .
(13)
In the second step, latter equations should be rearranged by means of
standard equilibrium equations. For multilayered beams these equations pro-
vide stress resultants - the axial force and bending moment as:
N(x) = ∑ni=1 bi ∫ zizi−1 σ(x, z)dz,
M(x) = ∑ni=1 bi ∫ zizi−1 σ(x, z)(z − ζ0)dz. (14)
Introducing stresses as defined by Eq. (12) and with notation defined in Boxes
1, 2 and 3 it follows:
N(x) = N · 1 = NM · 1+NT · 1, (15)
where
NM · 1 = −L2(A E λ2) · 1 u(3)0 + L2(S E λ2) · 1 w(4)
+(EA) · 1 u(1)0 − (E S) · 1 w(2)
NT · 1 = b EαΘN
(16)
and  denotes the Hadamard product. If the notation in Box 3 is used, a
more compact form is obtained:
N(x) = −k2NLEA u(3)0 + k2NLES w(4) + kEAu(1)0 − kESw(2) + kTN . (17)
The same procedure can be repeated for the equilibrium equation regard-
ing the bending moment Eq. (14)2.
M(x) = M · 1 = MM · 1+MT · 1, (18)
where
MM · 1 = −L2(S E λ2) · 1u(3)0 + L2(I E λ2) · 1w(4)
+(E S) · 1u(1)0 − (E I) · 1w(2)
MT · 1 = b EαΘM
(19)
or
M(x) = −k2NLES u(3)0 + k2NLEI w(4) + kESu(1)0 − kEIw(2) + kTM . (20)
A similar procedure must be applied to the constitutive boundary condi-
tions Eq. (13) which become for equilibrium of axial forces:
L(λ E) ·
(
u
(2)
0 A− w(3)S− (αΘN)(1)
)
− E · (u(1)0 A− w(2)S−αΘN) = 0|x=0 ,
L(λ E) ·
(
u
(2)
0 A− w(3)S− (αΘN)(1)
)
+ E · (u(1)0 A− w(2)S−αΘN) = 0|x=L .
(21)
Likewise, for equilibrium of bending moments, the constitutive boundary
conditions are:
L(λ E) ·
(
u
(2)
0 S− w(3)I− (αΘM)(1)
)
− E · (u(1)0 S− w(2)I−αΘM) = 0|x=0 ,
L(λ E) ·
(
u
(2)
0 S− w(3)I− (αΘM)(1)
)
+ E · (u(1)0 S− w(2)I−αΘM) = 0|x=L .
(22)
With the notation in Box 3 two sets of constitutive boundary conditions are:
(
kNLEAu
(2)
0 − kNLES u(2)0 w(3) − kNLTN
)
− (kEAu(1)0 − k2TN) = 0|x=0(
kNLEAu
(2)
0 − kNLES u(2)0 w(3) − kNLTN
)
+ (kEAu(1)0 − k2TN) = 0|x=L(
kNLES u
(2)
0 − kNLEI w(3) − kNLTM
)
− (−kEIw(2) − k2TM) = 0|x=0(
kNLES u
(2)
0 − kNLEI w(3) − kNLTM
)
+ (−kEIw(2) − k2TM) = 0|x=L
(23)
This completes non-local stress-driven beam relations between displacements
and stress resultants.
Box 1: Notation for geometry and material property vectors,
(•) ∈ Rn, i ∈ {1, 2, . . . n}.
Geometry:
Widths of layers b: bi
Heights of layers h: hi
Cross-section areas of layers A = b h: Ai = bihi
First moments of area of layers S: Si = bi
∫ zi
zi−1(z − ζ0)dz
Second moments of area of layers I: Ii = bi
∫ zi
zi−1(z − ζ0)2dz
Material:
Youngs’ moduli E: Ei
Coefficients of thermal expansion α: αi
Small-size parameters λ: λi
Box 2: Loading vectors, (•) ∈ Rn, i ∈ {1, 2, . . . n}
Temperature integral, axial part ΘN: ΘNi =
∫ zi
zi−1 ∆θ(x, z)dz
Temperature integral, bending part ΘM: ΘMi =
∫ zi
zi−1 ∆θ(x, z)(z − ζ0)dz
Axial force, mechanical part NM :
NMi = biEi
(
−L2λ,i(u(3)0 hi − w(4)
∫ zi
zi−1(z − ζ0)dz)
+u(1)0 hi − w(2)
∫ zi
zi−1(z − ζ0)dz
)
Axial force, thermal part NT :
NTi = biEiαi
∫ zi
zi−1 ∆θ(x, z)dz = biEiαiΘNi
Bending moment, mechanical part MM :
MMi = biEi
(
−L2λ,i(u(3)0 hi − w(4)
∫ zi
zi−1(z − ζ0)dz)
+u(1)0 hi − w(2)
∫ zi
zi−1(z − ζ0)dz
)
Bending moment, thermal part MT :
MTi = biEiαi
∫ zi
zi−1 ∆θ(x, z)(z − ζ0)dz = biEiαiΘMi
Box 3: Notation for stiffnesses
kEA =
∑n
i=1 biEi
∫ zi
zi−1 dz =
∑n
i=1AiEi = (EA) · 1 = E ·A,
kES =
∑n
i=1 biEi
∫ zi
zi−1(z − ζ0)dz = (E S) · 1 = E · S,
kEI =
∑n
i=1 biEi
∫ zi
zi−1(z − ζ0)2dz = (E I) · 1 = E · I,
kNLEA =
∑n
i=1 biEihiLλ,i = L(λ E) ·A
kNLES =
∑n
i=1 biEiLλ,i
∫ zi
zi−1(z − ζ0)dz = L(λ E) · S
kNLEI =
∑n
i=1 biEiLλ,i
∫ zi
zi−1(z − ζ0)2dz = L(λ E) · I
k2NLEA =
∑n
i=1 biEihiL
2
λ,i = L2(A E λ2) · 1,
k2NLES =
∑n
i=1 biEiL
2
λ,i
∫ zi
zi−1(z − ζ0)dz = L2(S E λ2) · 1,
k2NLEI =
∑n
i=1 biEiL
2
λ,i
∫ zi
zi−1(z − ζ0)2dz = L2(I E λ2) · 1,
kTN =
∑n
i=1 biEiαi
∫ zi
zi−1 ∆θ(x, z)dz = (b E) · (αΘN)
kTM =
∑n
i=1 biEiαi
∫ zi
zi−1 ∆θ(x, z)(z − ζ0)dz = (b E) · (αΘM)
kNLTN = L(λ E) · (αΘN)(1)
kNLTM = L(λ E) · (αΘM)(1)
k2TN = E · (αΘN)
k2TM = E · (αΘM)
where:
vector of ones: 1 =
{
1 1 . . . 1
}T
of size n
λ2 = λ λ
Symbol  represents the Hadamard product of two vectors.
Symbol · denotes the scalar product of two vectors as usual.
4. Variational formulation
The complete differential formulation augmented with boundary condi-
tions is now obtained by enforcing the strict varational approach. The gov-
erning potential is defined by:
Π(u0, w) = Ui − Ue, (24)
where the internal potential Ui for a beam B is:
Ui =
∫
B
∫ ε
0 σdεdV. (25)
The external potential Ue is:
Ue =
∫
L qxu0dx+
∫
L qzwdx+N0u0(0) +NLu0(L)
+T0w(0) + TLw(L)−M0w(1)(0)−MLw(1)(L),
(26)
where N0, NL and T0, TL are external axial and transverse forces at x ∈
{0, L}, respectively. M0, ML are external moments at same positions. qz(x)
and qx(x) are distributed transverse and axial loadings, respectively,
The internal potential should be transformed into a more suitable form
involving stress resultants Eq. (14). To this end, Eq. (3) relating strains and
displacements is introduced into the internal potential Eq. (25):
Ui =
∫
LNu
(1)
0 dx−
∫
LMw
(2)(z − ζ0) dx. (27)
Unknown displacement fields are obtained by invoking the stationarity of the
minimum potential energy:
(u0, w) = arg inf
u0,w
Π(u0, w). (28)
Application of the first stationarity condition δu0Π = 0 gives:
δu0Π =
∫
L
Nδu
(1)
0 dx−
∫
L
qxδu0dx−N0δu0(0)−NLδu0(L) = 0. (29)
Performing integration by parts and grouping terms with virtual displace-
ment δu0 provides:
N (1) + qx = 0, (30)
what upon application of Eq. (17) provides the governing differential equa-
tion:
− k2NLEA u(4)0 + k2NLES w(5) + kEAu(2)0 − kESw(3) + k(1)TN + qx = 0. (31)
Boundary conditions follow from considering terms with virtual displace-
ments at the beam’s end δu0(0) and δu0(L), again by virtue of Eq. (17):
(−k2NLEA u(3)0 + k2NLES w(4) + kEAu(1)0 − kESw(2) + kTN)
∣∣∣
x=0
= −N0 or prescribe u0(0),
(−k2NLEA u(3)0 + k2NLES w(4) + kEAu(1)0 − kESw(2) + kTN)
∣∣∣
x=L
= NL or prescribe u0(L).
(32)
In addition to above boundary conditions, the constitutive boundary condi-
tions Eqs. (21) must be also enforced.
Transverse displacements follow from the second stationary condition
δwΠ = 0:
δwΠ = − ∫LMδw(2) dx− ∫L qzδwdx− T0δw(0)− TLδw(L) +M0δw(1)(0) +MLδw(1)(L) = 0.
(33)
Integrating by parts twice, with Eq. (20), and assembling terms with the
virtual displacement δw provides:
−M (2) − qz = 0, (34)
or with Eq. (20):
−k2NLES u(5)0 + k2NLEI w(6) + kESu(3)0 − kEIw(4) + k(2)TM + qz = 0. (35)
Boundary conditions follow from terms with δw at x ∈ {0, L} and δw(1) at
x ∈ {0, L}:
(−k2NLES u(3)0 + k2NLEI w(4) + kESu(1)0 − kEIw(2) + kTM)
∣∣∣
x=0
= −M0 or prescribe w(1)(0),
(−k2NLES u(3)0 + k2NLEI w(4) + kESu(1)0 − kEIw(2) + kTM)
∣∣∣
x=L
=ML or prescribe w(1)(L)
(36)
while the corresponding part for δw at x ∈ {0, L} gives:
(−k2NLES u(4)0 + k2NLEI w(5) + kESu(2)0 − kEIw(3) + k(1)TM)
∣∣∣
x=0
= −T0 or prescribe w(0),
(−k2NLES u(4)0 + k2NLEI w(5) + kESu(2)0 − kEIw(3) + k(1)TM)
∣∣∣
x=L
= TL or prescribe w(L).
(37)
Similarly to the axial displacements case, the constitutive boundary condi-
tions Eqs. (22) must be respected as well. Finally, the axial force and bending
moment can be obtained after solving for displacements by means Eq. (17,
20).
4.1. Position of the neutral surface and coupling
To determine the position of the neutral surface ζ0 we start from the
following assumptions:
• Due to various materials involved in the composition of the cross-
section, elasticity varies along with the height of the beam. As a
consequence, cross-sectional rotation as implied by Bernoulli-Euler hy-
potheses does not take place about points laying in the plane passing
through the centroid of the cross-section. Instead, these points are
shifted along the z axis by the (yet) unknown coordinate shift ζ0.
• Bending does take place in the x−z plane and considered cross-sections
are symmetric with respect to this plane in the geometrical and material
sense.
Therefore, a transverse coordinate ζ0 in which bending stresses disappear is
now sought. The bending strain is described by −w(2)(z−ζ0), cf. Eq.(3). The
bending strain is related to the stress by the non-local integral law Eq. (9)
− w(2)Ei(z − ζ0) =
∫ L
0
φλ,i(x− ξ)σbi(ξ, z)dξ = 0 (38)
where σbi denotes the bending stress in the i-th layer in which the neutral
surface is positioned. The integral has to vanish due to assumption of the
neutral surface in the layer i at ζ0. Further, the left-hand side of the equation
is integrated over the cross-section:
0 =
∫ A
0
−w(2)Ei(z − ζ0)dA ⇒ 0 =
n∑
i=1
biEi
∫ zi
zi−1
(z − ζ0)dz. (39)
According to Box 3, kES =
∑n
i=1 biEi
∫ zi
zi−1(z− ζ0)dz = (ES) · 1 = E ·S, so
kES = 0. This result can be used to simplify equations obtained in previous
sections, as well as to obtain the position of neutral surface. In particular:
n∑
i=1
biEi
∫ zi
zi−1
zdz =
n∑
i=1
biEi
∫ zi
zi−1
ζ0dz, (40)
what gives the required shift of the neutral surface:
ζ0 =
∑n
i=1AiEi(zi + zi+1)
2kEA
. (41)
The reader is cautioned that if Young modulus is a function of temperature,
then the neutral surface shift is also temperature-dependent [51].
Aforementioned simplifications of governing equations (31, 35), boundary
conditions Eqs. (32, 36, 37) and constitutive boundary conditions Eqs. (21,
22) due to kES = 0 are summarized below for the reader’s convenience:
−k2NLEA u(4)0 + k2NLES w(5) + kEAu(2)0 + k(1)TN + qx = 0
−k2NLES u(5)0 + k2NLEI w(6) − kEIw(4) + k(2)TM + qz = 0.
(42)
Boundary conditions:
(−k2NLEA u(3)0 + k2NLES w(4) + kEAu(1)0 + kTN)
∣∣∣
x=0
= −N0 or prescribe u0(0)
(−k2NLEA u(3)0 + k2NLES w(4) + kEAu(1)0 + kTN)
∣∣∣
x=L
= NL or prescribe u0(L)
(−k2NLES u(3)0 + k2NLEI w(4) − kEIw(2) + kTM)
∣∣∣
x=0
= −M0 or prescribe w(1)(0)
(−k2NLES u(3)0 + k2NLEI w(4) − kEIw(2) + kTM)
∣∣∣
x=L
=ML or prescribe w(1)(L)
(−k2NLES u(4)0 + k2NLEI w(5) − kEIw(3) + k(1)TM)
∣∣∣
x=0
= −T0 or prescribe w(0)
(−k2NLES u(4)0 + k2NLEI w(5) − kEIw(3) + k(1)TM)
∣∣∣
x=L
= TL or prescribe w(L).
(43)
Constitutive boundary conditions:
(
kNLEAu
(2)
0 − kNLESw(3) − kNLTN
)
− (kEAu(1)0 − k2TN) = 0|x=0(
kNLEAu
(2)
0 − kNLESw(3) − kNLTN
)
+ (kEAu(1)0 − k2TN) = 0|x=L(
kNLES u
(2)
0 − kNLEI w(3) − kNLTM
)
− (−kEIw(2) − k2TM) = 0|x=0(
kNLES u
(2)
0 − kNLEI w(3) − kNLTM
)
+ (−kEIw(2) − k2TM) = 0|x=L .
(44)
At the end, it is worth emphasizing that although kES = 0, non-local coun-
terparts do not vanish kNLES =
∑n
i=1 biEiLλ,i
∫ zi
zi−1(z − ζ0)dz 6= 0 and k2NLES =∑n
i=1 biEiL
2
λ,i
∫ zi
zi−1(z − ζ0)dz 6= 0 in general. Thus, coupling between ax-
ial and transverse displacements in both governing equations and boundary
conditions exists. Decoupling is possible only in two special cases:
• Small size parameters λi of all layers are equal. Since lengths of all
layers in a beam are always equal to the beam’s length L, then char-
acteristic lengths of each layer Lλ,i will be equal as well. This enables
taking Lλ,i and L2λ,i out of summation signs and subsequent cancella-
tion. Remaining terms are then equal to kES and therefore vanish.
• Depending on particular coordinate values, integrals ∫ zizi−1(z−ζ0)dz can
be positive or negative. In a special case, positive values can balance
negatives, leading to kNLES = 0 and k2NLES = 0. This can take place in
cross-sections symmetric about the x−y coordinate plane with respect
to geometrical and material properties, although some other possibili-
ties also exist.
To summarize, coupling significantly complicates solution of the underlying
system of 2 ordinary differential equations with 10 boundary conditions. Two
possible solution procedures are described in the next section.
5. Solution of the coupled problem
Solution of the coupled non-homogenous ordinary differential problem
Eqs. (42, 43, 44) is not straightforward. Nowadays, automated differential
equations solvers like Mathematica, Matlab or alike are typically used for
such purpose. In the present case, a direct approach by means of such soft-
ware does not appear to have much success. Thus, two alternative solution
strategies are considered below.
5.1. Solution by substitution
The first approach to solution of the problem Eqs. (42) with the boundary
conditions Eqs. (43, 44) relies on the substitution:
u0 = u(2)0 , w = w(4). (45)
This reduces the order of the coupled system Eqs. (42) to
−k2NLEA u(2)0 + k2NLES w(1) + kEAu0 + k(1)TN + qx = 0
−k2NLES u(3)0 + k2NLEI w(2) − kEIw + k(2)TM + qz = 0.
(46)
Upon solving the above coupled problem for u0 and w, required displacement
fields follow from decoupled equations Eqs. (45). The solution will involve
ten unknown integration constants that are solved from boundary conditions
Eqs. (43, 44). Unfortunately, this approach seems to be suitable only for the
simplest problems.
5.2. Solution by Laplace transforms
As a more efficient alternative to the substitution method, Laplace trans-
forms are exploited. The central idea of Laplace transforms is to transform
a problem involving ordinary differential equations into a problem based on
algebraic equations. Although Laplace transforms are principally oriented
toward initial value problems, the method can be successfully applied in the
statical analysis of beams as well.
Firstly, Laplace transform is applied to the system of equations (42) giv-
ing:
Puu(s)U0(s) + Puw(s)W (s) +Qu(s) = Gu(s),
Pwu(s)U0(s) + Pww(s)W (s) +Qw(s) = Gw(s)
(47)
where
Puu(s) = kEAs2 − k2NLEA s4
Puw(s) = k2NLES s5W (s)
Qu(s) = k2NLEA s3u00 + k2NLEA s2u1 + k2NLEA su2 + k2NLEA u3 − kEAu00 − kEAu1
−k2NLES s4w0 − k2NLES s3w1 − k2NLES s2w2 − k2NLES sw3 − k2NLES w4
Pww(s) = kEIs4 − k2NLEI s6
Pwu(s) = k2NLES s5
Qw(s) = k2NLEI s5w0 + k2NLEI s4w1 + k2NLEI s3w2 + k2NLEI s2w3 + k2NLEI sw4 + k2NLEI w5
−kEIs3w0 − kEIs2w1 − kEIsw2 − kEIw3 − k2NLES s4u00 − k2NLES s3u1
−k2NLES s2u2 − k2NLES su3 − k2NLES u4
(48)
and Laplace transforms of corresponding functions are
U0(s) = L(u0(x)), W (s) = L(w(x))
Gu(s) = L(k(1)TN(x) + qx(x)), Gw(s) = L(k(2)TM(x) + qz(x)).
(49)
Constants u00 = u(0), ui = u(i)(0) and w0 = w(0), wi = w(i)(0) denote initial
conditions, in the present case displacement functions and their derivatives
at the origin of the coordinate system x = 0. These constants should be
eventually determined from boundary and constitutive conditions Eqs. (43,
44). However, in the coupled problem at hand there are 11 initial conditions
but 10 boundary and constitutive conditions, so the system seems to be un-
derdetermined. The issue is circumvented by replacing two initial conditions
terms associated with the highest order of derivatives with a single constant
uw45 = k2NLEI w5 − k2NLES u4, thus reducing the number of initial conditions to
10. In the decoupled case described in Sec. 4.1 kNLES = 0 and k2NLES = 0, so
uw45 = k2NLEI w5 reducing the number of integration constants by one and the
latter substitution is not necessary.
Now, Laplace transforms U0(s) and W (s) are easily obtained by the lin-
ear system of equations (47). With known U0(s) and W (s) displacement
functions follow from inverse Laplace transforms u0(x) = L−1(U0(s)) and
w(x) = L−1(W (s)). Although evaluation of inverse Laplace transform is
straightforward, obtained terms are rather long thus being impractical for
explicit documentation at this point. Finally, application of boundary and
constitutive conditions Eqs. (43, 44) eliminates constants associated with
initial conditions introduced above.
6. Examples
6.1. Nonisothermal cantilever nanobeam in a homogeneous thermal field
The introductory example considers a simple cantilever two-layer beam,
free from external mechanical loading but situated in a homogeneous temper-
ature field ∆θ = 0.1. For present purposes, measurment units are deemed not
to be important, so geometrical and material properties are assumed to be
dimensionless. In that way, the unit length of the non-local beams is assumed
L = 1. Also: b1 = b2 = 1, h1 = h2 = 1, E2 = 2E1 = 2, α2 = 2α1 = 0.2.
The beam’s cross-section is not symmetrical with respect to material
properties. Thus, the neutral surface is shifted to the new position by
ζ0 = 1/6.
Laplace transform of the system of differential equations is:
2s5W (s)− 9s4U0(s) + 9s2u1 + 300s2U0(s) + 9su2 + 9u3
= 2s2w2 + 2sw3 + 300u1 + 2w4,
25s6W (s)− 1100s4W (s) + 24s3u1 + 24s2u2 + 24su3 + 1100sw2 + 24u4 + 1100w3
= 24s5U0(s) + 25s3w2 + 25s2w3 + 25sw4 + 25w5.
(50)
Solving for U0(s) and W (s) gives:
U0(s) =
s(3(59s2−3300)u2+177su3+2uw45)+3(59s4−5800s2+110000)u1+1100(2w4−9u3)
3s2(59s4−5800s2+110000) ,
W (s) = s(s((59s
2−5800)(sw2+w3)+59sw4+2400u2+3uw45)+100(24u3+1100w2−25w4))−100(uw45−1100w3)
s4(59s4−5800s2+110000) .
(51)
Peforming inverse Laplace transform gives required displacements but with
unknown constants included:
u0(x) = e−13.59x (e18.66x (0.01255u2 + 0.002478u3 − 4.686 · 10−6uw45 − 0.001017w4)
+e5.066x (0.002448u2 − 0.0002873u3 + 1.656 · 10−6uw45 − 0.0002137w4)
+e22.11x (0.002448u2 + 0.0002873u3 + 1.656 · 10−6uw45 + 0.0002137w4)
+e8.523x (0.01255u2 − 0.002478u3 − 4.686 · 10−6uw45 + 0.001017w4)
+e13.59x (−0.03u2 + 6.061 · 10−6uw45 + u1x− 0.03u3x+ 0.006667w4x))
w(x) = e−13.59x (e5.066x (−0.0006994u2 + 0.00008207u3 − (4.731 · 10−7)uw45 + 0.00006106w4)
+e22.11x (0.0006994u2 + 0.00008207u3 + 4.731 · 10−7uw45 + 0.00006106w4)
+e8.523x (0.00333u2 − 0.0006573u3 − 1.243 · 10−6uw45 + 0.0002699w4)
+e18.66x (−0.00333u2 − 0.0006573u3 + 1.243 · 10−6uw45 + 0.0002699w4)
+e13.59x (w4 (−0.01136x2 − 0.000662) + u3 (0.01091x2 + 0.00115)
+x (−0.0001515uw45x2 + 0.1667w3x2 + 0.5w2x+ 0.02182u2 − 0.00002066uw45)))
(52)
Constants follow from solving the nonlinear system of algebraic equations:
u1 = −0.01659, u2 = 0.0004134, u3 = 0.002107, uw45 − 0.5818,
w2 = 0.007167, w3 = −0.0005289, w4 = −0.002614,
(53)
so final results are:
u0(x) = −0.01667x+ 1.981 · 10−9e−8.523x + 3.405 · 10−8e−5.066x
+0.0000158e5.066x + 9.536 · 10−8e8.523x − 0.00001593
w(x) = −2.822 · 10−14x3 + 0.003636x2 + 0.00002104x− 5.66 · 10−10e−8.523x
+9.034 · 10−9e−5.066x − 4.191 · 10−6e5.066x
+2.724 · 10−8e8.523x + 4.155 · 10−6.
(54)
The layered structure also causes bending of the beam in local and non-
local cases alike. The non-local case is illustrated in Fig. 1. The uniform axial
elongation observed in local beams is also affected and a nonlinear pattern
is visible at the free end of the beam, Fig. 2
It is well-known that homogeneous beams subjected to a constant (or
linear) temperature field do not give rise to stresses [69–71]. However, in the
case of layered beams, the issue is somewhat more complex. To illustrate
this behavior, the strain field ε is given in Fig. 3. The strain field is smooth,
without discontinuities caused by the layered structure. This is not the case
with the stress field, Fig. 6. To point out the non-local character of the
problem, local and non-local parts of the stress field (Eq. (10)) are also shown,
Figs. 4, 5. Such discontinuities can be attributed to differences in material
properties. The magnitude of the local part is higher than the non-local part;
this obviously depends on particular values of non-local parameters.
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Figure 1: Transverse displacements of the beam in the homogeneous temperature field.
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Figure 2: Axial displacements of the beam in the homogeneous temperature field.
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Figure 3: Normal strain distribution in the beam loaded by the homogeneous temperature
field.
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Figure 4: Local part of the stress field in the beam in the homogeneous temperature field.
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Figure 5: Non-local part of the stress field in the beam in the homogeneous temperature
field.
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Figure 6: Total stress field (local + non-local) in the beam in the homogeneous temperature
field.
6.2. Nonisothermal cantilever piezoelectric nanobeam
The second example considers a two-layer piezoelectric cantilever beam,
Fig. 7. The beam is subjected to a linear temperature variation in the trans-
verse direction ∆θ(z) = 0.1z. In addition to the temperature load, two
different mechanical loads will be separately considered:
• axial force at the tip Fx and
• transverse force at the tip Fx.
The beam is composed of two layers: the first one is SiO2 and the second one
Pb(Zr0.4Ti0.6)O3 (PZT 40/60). Material data is taken from [72]: the Young’s
modulus of SiO2 is E1 = 77 GPa and the coefficient of thermal exapnsion
is α1 = 5.5 × 10−7 1/K. For the PZT 40/60 these material parameters are
E2 = 85 GPa and α2 = 3.7×10−6 1/K. Thicknesses of each layer are h1 = 600
nm and h2 = 200 nm. Width of beam’s layers is b = 1200 nm while the
beam’s length is L = 15000 nm. It is necessary to determine variation of
coupling terms kNLES and k2NLES with respect to non-local parameters λ1 and λ2.
For the specific choice of λ1 = 0.1 and λ2 = 0.2, calculate displacement fields
caused by axial force and transverse forces in the range Fx, Fz ∈ [0, 10000]
nN.
Fig. 8 presents variations in coupling terms that stem from the first mo-
ment of area. It is clearly visible that for λ1 = λ2 both terms vanish, thus
decoupling the problem. For all other choices of small-size parameters and
given geometry and material composition, displacement fields are coupled.
Figure 7: Cantilever beam loaded by the axial force Fx and temperature field ∆θ(z).
Figure 8: Variation of coupling terms kNLES (nN·nm2) and k2NLES (nN·nm3) vs. non-local
parameters λ1 and λ2
Figure 9: Variations of the axial displacement u0 (nm) and transverse displacement w
(nm) along the beam’s length x (nm) vs. axial force Fx (nN)
6.2.1. Axial force and temperature field ∆θ(z)
Distribution of the axial displacement and transverse displacement along
the beam for different values of the axial force Fx is given in Fig. 9. Ob-
serve that even for the tensile axial force up to approximately 2000 nN the
negative axial displacement for the complete beam is obtained. This kind of
behavior is caused by coupling between axial and transverse displacements.
The transverse displacement remains positive for all choices of the axial force.
The influence of the axial displacement on the transverse displacement field
thus remains small and the bending is caused by the temperature field.
6.2.2. Transverse force and temperature field ∆θ(z)
In the case of transverse load, for the specific choice of Fz = 1000 nN
distributions of both displacements are provided in Figs. 10 and 11. Again,
Fig. 12 illustrates the variation of axial and transverse displacements for
different transverse forces and given temperature field. Bending behavior
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Figure 10: Transverse displacements of the beam for Fz = 1000 nN and ∆θ(z).
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Figure 11: Axial displacements of the beam for Fz = 1000 nN and ∆θ(z).
clearly dominates over much smaller axial displacements.
6.3. Thermally and mechanically loaded doubly clamped nanobeam
The present example aims to demonstrate advantage of Laplace trans-
forms approach in order to solve a beam loaded by nonlinear mechanical
and thermal loads. Kinematically, the beam is clamped at both ends and
thus statically indeterminate, Fig. 13. The transverse mechanical load is dis-
tributed in a parabolic manner qz(x) = 14 − (x− L2 )2, while the temperature
change is governed by the sinus function ∆θ(x) = 100 sin(2pi x
L
). The beam
Figure 12: Variations of the axial displacement u0 (nm) and transverse displacement w
(nm) along the beam’s length x (nm) vs. transverse force Fz (nN)
is assumed to be composed of two layers with following properties
b =
1
3
 , h =
3
1
 ,
E =
1
2
 , α =
0.1
0.2
 , λ =
0.1
0.2

.
Thus, the beam has T shaped cross-section. The beam is of unit length
L = 1.
This shift of the neutral surface is readiliy evaluated as ζ0 = 1/3.
The system of ordinary differential equations Eq. (42) is now restated by
Figure 13: Doubly clamped beam loaded by the distributed parabolic load qz(x) and
sinusoidal temperature field ∆θ(x).
aid of Laplace transforms in the manner of Eqs.(47) as:
3
25s
5W (s)− 27100s4U0(s)− 3s
4w0
25 +
27s3u00
100 − 3s
3w1
25 +
27s2u1
100
+9s2U0(s)− 3s2w225 + 300piss2+4pi2 + 27su2100 − 3sw325 + 27u3100 − 3w425 − 9su00 − 9u1 = 0
81
400s
6W (s)− 325s5U0(s)− 81s
5w0
400 +
3s4u00
25 − 81s
4w1
400 − 434 s4W (s)
+3s3u125 +
43s3w0
4 − 81s
3w2
400 +
3s2u2
25 +
43s2w1
4 − 81s
2w3
400 +
1
s2 +
3su3
25
+43sw24 − 81sw4400 + 3u425 + 43w34 − 81w5400 − 2s3 − 320pi
3
s2+4pi2 = 0.
(55)
Replacing two integration constants with a single one uw45 = 3u425 − 81w5400 and
solving for U0(s),W (s) provides
U0(s) = − 13s4(s2+4pi2)(179s4−21000s2+430000) (−537s9u00 − 537s8u1 − 2148pi2s7u00
+63000s7u00 − 537s7u2 − 2148pi2s6u1 + 63000s6u1 − 537s6u3 + 252000pi2s5u00
−1290000s5u00 − 2148pi2s5u2 + 38700s5u2 + 1600s5uw45 − 810000pis5
+252000pi2s4u1 − 1290000s4u1 − 2148pi2s4u3 + 38700s4u3 − 17200s4w4
−5160000pi2s3u00 + 154800pi2s3u2 + 6400pi2s3uw45 − 512000pi3s3
+43000000pis3 + 1600s3 − 5160000pi2s2u1 + 154800pi2s2u3 − 68800pi2s2w4
−3200s2 + 6400pi2s− 12800pi2)
(56)
and
W (s) = − 1
s7(s2+4pi2)(179s4−21000s2+430000) (−179s12w0 − 179s11w1 − 716pi2s10w0
+21000s10w0 − 179s10w2 − 716pi2s9w1 + 21000s9w1 − 179s9w3
+84000pi2s8w0 − 430000s8w0 − 716pi2s8w2 + 21000s8w2 − 179s8w4
−4800s7u2 + 1200s7uw45 + 84000pi2s7w1 − 430000s7w1 − 716pi2s7w3
+21000s7w3 − 160000pis7 − 4800s6u3 − 1720000pi2s6w0 + 84000pi2s6w2
−430000s6w2 − 716pi2s6w4 + 8100s6w4 − 19200pi2s5u2 + 4800pi2s5uw45
−40000s5uw45 − 1720000pi2s5w1 + 84000pi2s5w3 − 430000s5w3
−384000pi3s5 + 1200s5 − 19200pi2s4u3 − 1720000pi2s4w2 + 32400pi2s4w4
−2400s4 − 160000pi2s3uw45− 1720000pi2s3w3 + 12800000pi3s3 + 4800pi2s3
−40000s3 − 9600pi2s2 + 80000s2 − 160000pi2s+ 320000pi2) .
(57)
Finally, inverse Laplace transforms L−1(U0(s)) and L−1(W (s)) give the re-
quired displacement functions that include unknown constants and support
reactions. These are determined from boundary conditions Eq. (43) and
constitutive boundary conditions Eq. (44). In the present case there is
u0(0) = u0(L) = w(0) = w(L) = 0, w(1)(0) = w(1)(L) = 0 and:
(−k2NLEA u(3)0 + k2NLES w(4) + kEAu(1)0 + kTN)
∣∣∣
x=L
= NL
(−k2NLES u(3)0 + k2NLEI w(4) − kEIw(2) + kTM)
∣∣∣
x=L
=ML
(−k2NLES u(4)0 + k2NLEI w(5) − kEIw(3) + k(1)TM)
∣∣∣
x=L
= TL(
kNLEAu
(2)
0 − kNLESw(3) − kNLTN
)
− (kEAu(1)0 − k2TN) = 0|x=0(
kNLEAu
(2)
0 − kNLESw(3) − kNLTN
)
+ (kEAu(1)0 − k2TN) = 0|x=L(
kNLES u
(2)
0 − kNLEI w(3) − kNLTM
)
− (−kEIw(2) − k2TM) = 0|x=0(
kNLES u
(2)
0 − kNLEI w(3) − kNLTM
)
+ (−kEIw(2) − k2TM) = 0|x=L
(58)
where NL,ML and TL are unknown support reactions at x = L. The al-
gebraic system of equations is solved for unknown constants and support
reactions:
u00 = 0, u1 = −8.096, u2 = −16.57, u3 = −49.26, uw45 = 959.8
w0 = 0, w1 = 0, w2 = 3.332, w3 = −52.77, w4 = 496.4
NL = −5.196 · 10−5,ML = −392.7, TL = −70.65.
(59)
Final forms of displacement distributions can be finally written as:
u0(x) = 4.134 · 10−4x3 − 6.202 · 10−4x2 + 1.154 · 10−4x− 3.034
−0.268e−9.534x − 1.941 · 10−5e9.534x + 2.084e−5.141x
+1.212 · 10−2e5.141x + 1.206 cos(6.283x)
(60)
and
w(x) = −2.584 · 10−4x6 + 7.752 · 10−4x5 − 1.460 · 10−4x4 + 2.189x3
−3.284x2 + 1.649x− 0.277
+4.007 · 10−2e−9.534x − 2.902 · 10−6e9.534x + 0.238e−5.141x
−1.394 · 10−3e5.141x − 5.545 · 10−3 sin(6.283x).
(61)
Displacements are shown in Figs. 14 and 15. As expected, the U-shaped
curve typical for transverse displacements of homogeneous local beams is
not obtained. This can be attributed to complex interaction of the loading,
coupling terms and layer distribution of the non-local beam. Strains arising
from both mechanical and thermal loads, Fig. 16 show a similar order of
magnitude. Discontinuities are absent if the cumulative strain is considered,
but not if only mechanical or only thermal strain is concerned. Thus, com-
bination of two discontinuous fields gives a continuous one. In the case of
stress field, discontinuities are also present in the total stress field. Higher
stresses are obtained in the thinner layer.
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Figure 14: Axial displacements of the doubly clamped beam.
0.0 0.2 0.4 0.6 0.8 1.0
-0.02
-0.01
0.00
0.01
0.02
x
w
Figure 15: Transversal displacements of the doubly clamped beam.
Figure 16: Strain distribution in the doubly clamped beam.
Figure 17: Total stress σ = σL + σNL, local part σL of the stress and non-local part of
the stress σNL in a doubly clamped beam.
6.4. Influence of distribution of layers
To evaluate different possibilities of layers’ arrangement and their influ-
ence on mechanical behavior, a simply supported beam made of 4 layers is
considered in the final example. Two different materials are used for layers
and four different layered structures were considered. These are described
by four-digits codes as 1122, 1221, 1212, 2112, where each digit denotes
material ID, either 1 or 2, see Fig. 18. Material data is again consid-
ered in non-dimensional form as E1 = 100, E2 = 200, α1 = 0.1, α2 = 0.2,
λ1 = 0.1, λ2 = 0.2. The beam’s width is constant b = 3, while the height
of each layer is hi = 1, where i = 1, 2, 3, 4. In that way the total height
of the beam is h = ∑i hi = 4. The beam’s length is L = 100. Beam is
mechanically loaded with the distributed loading in both longituidnal qx = 1
and transverse direction qz = 1. As for the thermal loading, two cases are
considered, Fig. 18:
(a) ∆θ(x) = 10 x
L
and
(b) ∆θ(x, z) = 10 x
L
+ 10 z
h/2 .
The system of ordinary differential equations Eq. (47) is solved by Laplace
transforms as before, with constitutive boundary conditions Eqs. (44) and
Figure 18: Simply supported beam and considered layered structures.
boundary conditions Eqs. (43) as u0(0) = w(0) = w(L) = 0 and
(−k2NLEA u(3)0 + k2NLES w(4) + kEAu(1)0 + kTN)
∣∣∣
x=L
= 0
(−k2NLES u(3)0 + k2NLEI w(4) − kEIw(2) + kTM)
∣∣∣
x=0
= 0
(−k2NLES u(3)0 + k2NLEI w(4) − kEIw(2) + kTM)
∣∣∣
x=L
= 0
(62)
Solutions are graphically presented in Figs. 19 - 22. Symmetric layer
distributions 1221 and 2112 lead toward vanishing of the shift of the neutral
surface. In these two cases terms kNLES = 0 and k2NLES = 0 so the problem is
decoupled. In the Case (a), temperature does not change in the transverse
direction. Nevertheless, the influence of different layer distributions can be
noticed. Albeit the influence is small in the case of axial displacements,
Fig. 19, transverse displacements are markedly different, Fig. 20. Since the
temperature does not change along the transverse coordinate, such behavior
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Figure 19: Axial displacements of the simply supported beam, Case (a).
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Figure 20: Transversal displacements of the simply supported beam, Case (a).
is mainly governed by the coupling effects.
In the Case (b), transverse temperature distribution also changes, so dif-
ferent layering schemes also affect bending behavior due to different coef-
ficients of thermal expansions. This even causes minor loss of symmetry
in transverse displacement distribution for the 1221 layer arrangement, Fig.
22. Difference is clearly visible in axial displacements, but almost identi-
cal solutions are obtained for symmetric schemes 1221 and 2112 (cannot be
distinguished in Fig. 21).
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Figure 21: Axial displacements of the simply supported beam, Case (b).
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Figure 22: Transversal displacements of the simply supported beam, Case (b).
7. Closing remarks
Thermomechanical analyses of multilayered micro- and nano-beams have
been performed in this paper by the stress-driven nonlocal integral approach
of elasticity. Main contributions and findings are summarized as follows.
• Nonisothermal extension of existing isothermal nonlocal beam stress-
driven integral formulations available in literature has been provided.
The conceived methodology is suitable to model and assess the non-
local behaviour of multilayered beams assembled of arbitrary number
of layers made of different rectangular cross-sections. The proposed
nonlocal strategy has been shown to be able to accomodate any kind
of mechanical and thermal loading.
• Presence of terms that couple axial and transverse displacements is
highlighted, due to the nonlocal nature of the presented model and
occur both in isothermal and nonisothermal cases. Coupling contribu-
tions can be advantageously exploited to obtain some interesting me-
chanical responses with potential applications in thermomechanics of
nanocomposites and new-generation Micro-/Nano-Electro-Mechanical-
Systems (MEMS/NEMS).
• These conclusions are supported by the in-depth analysis and numerical
evidence provided in section 6, where selected case-studies of applica-
tive interest in Nanoscience and Mechanics of Composites are investi-
gated and commented upon. The illustrated examples can also serve
as suitable benchmarks for further developments in thermomechanics
of composite nanobeams.
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